We use polarization-entangled photon pairs to demonstrate quantum nonlocality in an experiment suitable for advanced undergraduates. The photons are produced by spontaneous parametric downconversion using a violet diode laser and two nonlinear crystals. The polarization state of the photons is tunable. Using an entangled state analogous to that described in the Einstein-PodolskyRosen paradox, we demonstrate strong polarization correlations of the entangled photons. Bell's idea of a hidden variable theory is presented by way of an example and compared to the quantum prediction. A test of the Clauser, Horne, Shimony, and Holt version of the Bell inequality finds S ϭ2.307Ϯ0.035, in clear contradiction of hidden variable theories. The experiments described can be performed in an afternoon.
I. INTRODUCTION
Entanglement of particles, an idea introduced into physics by the famous Einstein-Podolsky-Rosen GEDANKENEXPERIMENT, 1 is one of the most strikingly nonclassical features of quantum theory. In quantum mechanics, particles are called entangled if their state cannot be factored into single-particle states. The particles are, at least in their quantum description, inseparable. This inseparability is reflected in the behavior of the particles. For example, a pair of entangled photons can show strong polarization correlations even when each one by itself appears unpolarized. The standard Copenhagen interpretation of quantum measurement suggests that these correlations arise from nonlocality of the measuring process: a measurement on one particle instantly collapses the state of both particles, even if they are not near each other. Alternative theories, which contain no such nonlocal ''action at a distance'' effects, were considered by Bell.
2,3 His Bell inequality showed that a very broad class of local theories disagreed with quantum mechanics about the degree of polarization correlation. Experimental tests have repeatedly found agreement with quantum mechanics and disagreed with this class of more intuitive, local theories.
Recent advances in optical technologies have reduced the cost of producing and detecting entangled particles, making this fascinating subject accessible to a wider audience. Here we describe experiments to demonstrate polarization entanglement and test a Bell inequality. To our knowledge, these are the first experiments of this sort designed for undergraduates. The new technologies which make the experiments practical at reasonable cost, the InGaN diode laser and the two-crystal geometry, were both introduced in 1999. 4, 5 In parallel with the experiments, we present a brief exposition of the concept of entanglement, from its introduction by Einstein through the insights of Bell to experimental tests.
II. HISTORY
Einstein remained troubled by the uncertainty principle long after quantum mechanics had been accepted by his contemporaries. Following a talk by Bohr in 1933, Einstein made a comment and introduced a GEDANKENEXPERIMENT to question the uncertainty principle. As recounted by Rosenfeld, the argument went as follows:
''Suppose two particles are set in motion towards each other with the same, very large, momentum, and that they interact with each other for a very short time when they pass at known positions. Consider now an observer who gets hold of one of the particles, far away from the region of interaction, and measures its momentum; then, from the conditions of the experiment, he will obviously be able to deduce the momentum of the other particle. If, however, he chooses to measure the position of the first particle, he will be able to tell where the other particle is. This is a perfectly correct and straightforward deduction from the principles of quantum mechanics; but is it not very paradoxical? How can the final state of the second particle be influenced by a measurement performed on the first, after all physical interaction has ceased between them? '' 6 This last sentence assumes ͑as Bohr had insisted͒ that the act of getting information about a particle disturbs it, changing its state. Einstein realized that this information could be obtained by a measurement on a different particle, with the paradoxical implication that a measurement in one place influences a particle in another.
Two years after Bohr's talk Einstein, Podolsky, and Rosen ͑EPR͒ published a mathematical version of the same idea.
1
The paper does not suggest the paradoxical action at a distance, indeed it assumes that such a thing is impossible. Rather, the paper was intended ''to expose an essential imperfection of quantum theory. Any attribute of a physical system that can be accurately determined without disturbing the system, thus went the argument, is an 'element of physical reality,' and a description of the system can only be regarded as complete if it embodies all the elements of reality which can be attached to it. Now, the example of the two particles shows that the position and the momentum of a given particle can be obtained by appropriate measurements performed on another particle without disturbing the first, and are therefore elements of reality in the sense indicated.
Because quantum theory does not allow both to enter into the description of the state of the particle, such a description is incomplete. '' 6 EPR concluded their paper with a challenge of sorts: ''While we have thus shown that the wave function does not provide a complete description of the physical reality, we left open the question of whether or not such a description exists. We believe, however, that such a theory is possible. '' 1 The ''EPR paradox,'' although it did not seriously shake confidence in quantum mechanics, did bring to light some of its most astounding features. Much work has been done since then to understand the apparent paradox that EPR raised, including both the clarification of the issues involved and experimental tests. [7] [8] [9] [10] [11] [12] [13] [14] Soon after the EPR paper appeared, it became clear that the paradox was not limited to position/ momentum states. The paradoxical features remain, but the math is simpler if we work with discrete variables such as particle spin or photon polarization.
III. A POLARIZATION-ENTANGLED STATE
Consider a quantum mechanical system consisting of two photons called, for historical reasons, the ''signal'' and ''idler'' photons. The photons are heading in different directions, and thus can be treated as distinguishable particles. We assume the photons have the polarization state Here ͉V ␣ ͘ describes a state with polarization rotated by ␣ from the vertical, while ͉H ␣ ͘ is ␣ from the horizontal. In this basis the state is
͑3͒
Clearly, if we measure in this rotated basis, we obtain the same results: half the time both are ͉V ␣ ͘ and half of the time both are ͉H ␣ ͘. Knowing this, we can measure the signal polarization and infer with certainty the idler polarization. This is the situation EPR described, but we have used polarizations instead of position and momentum. Note that there is an uncertainty relationship between polarizations in different bases. Knowledge of a photon's polarization in the V 0°, H 0°b asis implies complete uncertainty of its polarization in the V 45°, H 45°b asis, for example. Figure 1 shows a schematic of our experimental setup to produce polarization-entangled photons. A 5-mW freerunning InGaN diode laser produces a beam of violet ͑405 nm͒ photons which pass through a blue filter, a linear polarizer, and a birefringent plate before reaching a pair of beta barium borate ͑BBO͒ crystals. In the crystals, a small fraction of the laser photons spontaneously decay into pairs of photons by the process of spontaneous parametric downconversion ͑SPD͒. [15] [16] [17] [18] [19] [20] In a given decay the downconverted photons emerge at the same time and on opposite sides of the laser beam.
IV. SETUP
SPD can be understood as the time-reversed process of sum-frequency generation ͑SFG͒. In SFG, two beams of frequency 1 and 2 meet in a nonlinear crystal that lacks inversion symmetry. The crystal acts like a collection of ions in anharmonic potentials. When driven at both 1 and 2 , the ions oscillate with several frequency components including the sum frequency 1 ϩ 2 . Each ion radiates at this frequency ͑among others͒. The coherent addition of light from each ion in the crystal leads to constructive interference only for certain beam directions and certain polarizations. The condition for constructive interference is called the ''phase matching'' requirement: inside the crystal the wave vectors of the input beams must sum to that of the output beam. 21 In SPD, the violet laser drives the crystal at the sum frequency and downconverted light at 1 and 2 is produced. SPD was first used to test a Bell inequality in 1988. 22, 23 The detectors, two single-photon counting modules ͑SPCMs͒, are preceded by linear polarizers and red filters to block any scattered laser light. Even so, it is necessary to use coincidence detection to separate the downconverted photons from the background of other photons reaching the detectors. Because the photons of a downconverted pair are produced at the same time, they cause coincident, that is, nearly simultaneous, firings of the SPCMs. Coincidences are detected by a fast logic circuit and recorded by a personal computer ͑not shown in Fig. 1͒ . The detection components ͑SPCMs, irises, lenses and filters͒ are mounted on rails that pivot about a vertical axis passing through the crystals. This arrangement allows the detection of SPD photons at different angles with minimal realignment. The setup is described in detail in the preceding article. 24 The rails were positioned at A ϭ B ϭ2.5°and the focusing lenses adjusted for maximum singles rates. With the irises fully open and polarizers both set to vertical, more than 300 coincidence counts per second were observed.
V. POLARIZATIONS
Our BBO crystals are cut for type I phase matching, which means that the signal and idler photons emerge with the same polarization, which is orthogonal to that of the pump photon. Each crystal can only support downconversion of one pump polarization. The other polarization passes through the crystal unchanged. We use two crystals, one rotated 90°from the other, so that either pump polarization can downconvert according to the rules
where ⌬ is a phase due to dispersion and birefringence in the crystals. The geometry is shown schematically in Fig. 2 .
To create an entangled state, we first linearly polarize the laser beam at an angle l from the vertical and then shift the phase of one polarization component by l with the birefringent quartz plate. The laser photons ͑pump photons͒ are then in the state
when they reach the crystals. The downconverted photons emerge in the state
where ϵ l ϩ⌬ is the total phase difference of the two polarization components. 25 By placing polarizers rotated to angles ␣ and ␤ in the signal and idler paths, respectively, we measure the polarization of the downconverted photons. For a pair produced in the state ͉ DC ͘, the probability of coincidence detection is
The VV subscripts on P indicate the measurement outcome V ␣ V ␤ , both photons vertical in the bases of their respective polarizers. More generally, for any pair of polarizer angles ␣, ␤, there are four possible outcomes, 
A special case occurs when ͉ DC ͘ϭ͉ EPR ͘, that is, when l ϭ/4 and ϭ0. In this case
which depends only on the relative angle ␤Ϫ␣.
The last term in Eq. ͑9͒ is a cross term that accounts for the interference between the H,H and V,V parts of the state. The in this term is, through its dependence on ⌬, a complicated function of pump photon wavelength, signal photon wavelength and angle, as well as crystal characteristics. Because the laser has a finite linewidth and we collect photons over a finite solid angle and wavelength range, we collect a range of . To account for this, we replace cos by its average ͗cos ͘ϵcos m and write
In our experiment we choose a fixed interval T of data acquisition ͑typically in the range 0.5-15 s͒ and record the number of coincidences N(␣,␤) during that interval. Assuming a constant flux of photon pairs, the number collected will be
4 sin 2␣ sin 2␤ sin 2 l cos m ͒ϩC, ͑12͒ where A is the total number of entangled pairs produced, and C is an offset to account for imperfections in the polarizers and alignment of the crystals. This offset is necessary to account for the fact that some coincidences are observed even when the polarizers are set to ␣ϭ0, ␤ϭ90°.
VI. TUNING THE STATE
To create the state ͉ EPR ͘ or something close to it, we adjust the parameters that determine the laser polarization. First we adjust l to equalize the coincidence counts N(0°,0°) and N(90°,90°). Next we set l by rotating the quartz plate about a vertical axis to maximize N(45°,45°). When performing these optimizations, we typically collect a few hundred photons per point, which requires an acquisition window of a few seconds.
A rough idea of the purity of the entangled state can be found by measuring N(0°,0°), N(90°,90°), N(45°,45°) , and N(0°,90°). Using the model of Eq. ͑12͒, we find
CϭN͑0°,90°͒, ͑13͒
AϭN͑0°,0°͒ϩN͑90°,90°͒Ϫ2C, ͑14͒ Fig. 2 . Two-crystal downconversion source, not to scale. The crystals are 0.1 mm thick and in contact face-to-face, while the pump beam is approximately 1 mm in diameter. Thus the cones of downconverted light from the two crystals overlap almost completely.
After optimizing l and l we find in a typical acquisition with Tϭ10 s that N(0,0)ϭ293, N(90,90)ϭ307, N(0,90)  ϭ22, and N(45,45) ϭ286. These results give Cϭ22, A ϭ556, l ϭ46°, and m ϭ26°. More extensive data are shown in Fig. 3 along with a fit to Eq. ͑12͒. The best fit parameters, Cϭ31, Aϭ539, l ϭ46°, and m ϭ26°are in good agreement with the rough estimates made with just four points.
Careful inspection of Fig. 3 shows that the theoretical curve would fit better if it were shifted slightly to the left. In other words, it appears as if our polarizer angle ␤ is consistently off by a few degrees. This could be due to imperfect positioning of the crystals, polarizers, or detector rails. In realignments of the lenses and rails this shift varied from 3°͑ shown͒ to 8°, but could not be completely eliminated. Although we did not find it necessary to do so, a shift of this sort could be compensated by appropriately counter-shifting the settings of ␤ at which measurements are taken. This compensation has no effect on any of the procedures described below.
VII. QUANTUM MEASUREMENT AND ENTANGLED PARTICLES
In his comment on Bohr's lecture, Einstein noted that quantum mechanics allows a measurement of one particle to influence the state of another. 6 To illustrate this influence for polarizations, we consider again the state ͉ EPR ͘ of Eq. ͑3͒.
If the signal photon is measured with a polarizer set to ␣, the result will be H ␣ or V ␣ , each occurring half the time. In the usual Copenhagen interpretation the state has collapsed at the moment of measurement from ͉ EPR ͘ to either
But the mere choice of ␣ does not determine the state of the idler photon; it is the ͑random͒ outcome of the measurement on the signal photon that decides whether the idler ends up as ͉V ␣ ͘ i or ͉H ␣ ͘ i . Despite the randomness, the choice of ␣ clearly has an effect on the state of the idler photon: it gives it a definite polarization in the ͉V ␣ ͘ i ,͉H ␣ ͘ i basis, which it did not have before the measurement. The process described above is nonlocal: the state changes instantly even though the particles could be separated by a large distance. We are accustomed to saying that this sort of instantaneous action at a distance is forbidden by relativity, or that it leads to paradoxes about sending messages to earlier times. In this case, though, the randomness of quantum mechanics prevents any paradoxes from arising. The measurement on the signal photon, whatever its effect on the state of the idler photon, cannot be observed in measurements on the idler photon alone. After the signal photon is measured, the idler is equally likely to be V ␣ or H ␣ . A measurement of its polarization, at any angle ␤, finds V ␤ with probability
This measurement gives no information about the choice of ␣. It is also the probability we would find if the signal photon had not been measured. Thus quantum mechanics ͑in the Copenhagen interpretation͒ is consistent with relativistic causality. It achieves that consistency by balancing two improbable claims: the particles influence each other nonlocally, and the randomness of nature prevents us from sending messages that way. A comment by Einstein succinctly captures the oddness of this situation. In a 1947 letter to Max Born he objected that quantum mechanics entails ''spooky actions at a distance.''
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VIII. A LOCAL REALISTIC HIDDEN VARIABLE THEORY
Einstein believed that a theory could be found to replace quantum mechanics, one which was complete and contained only local interactions. Here we describe such a theory, a ''local realistic hidden variable theory'' ͑HVT͒. The name will become clear shortly. These were first considered by Bell, although our presentation most closely follows that of Aspect.
2,3, 14 We emphasize that this theory is not a modification of quantum mechanics ͑in fact it is closer to classical mechanics͒. Only the predictions of the two theories will be similar.
In this HVT, each photon has a polarization angle , but this polarization does not behave like polarization in quantum mechanics. When a photon meets a polarizer set to an angle ␥, it will always register as V ␥ if is closer to ␥ than to ␥ϩ/2, that is, 
͑18͒
In each pair, the signal and idler photon have the same polarization s ϭ i ϭ. As successive pairs are produced, changes in an unpredictable manner that uniformly covers the whole range of possible polarizations.
The quantity is the ''hidden variable,'' a piece of information that is absent from quantum mechanics. HVTs do not have the spooky features of quantum mechanics. The theory is local: measurement outcomes are determined by features of objects present at the site of measurement. Any measurement on the signal ͑idler͒ photon is determined by s and ␣ ( i and ␤). The theory is also realistic: All measurable quantities have definite values, independent of our knowledge of them. Furthermore, the theory specifies all of these values ͑for a given ), so it is complete in Einstein's sense of the word. Finally, there is no requirement that be random; it could be that is changing in a deterministic way that remains to be discovered.
To compare this theory to quantum mechanics, we need a prediction for the coincidence probability P VV (HVT) (␣,␤). A coincidence occurs when is in a range such that both ␣ and ␤ are close to . The probability of this coincidence is
This function and the corresponding quantum mechanical probability from Eq. ͑10͒ are plotted in Fig. 4 . The predictions are fairly similar. Where they disagree quantum mechanics predicts stronger correlations ͑or stronger anticorrelations͒ than the HVT. Our HVT is very simple, and yet it agrees pretty well with quantum mechanics. We might hope that some slight modification would bring it into perfect agreement. In 1964 Bell showed that this is impossible. He derived an inequality that all HVTs obey, but which quantum mechanics violates. We will use a slightly different inequality, one due to Clauser, Horne, Shimony, and Holt. 27 It is nonetheless called a Bell inequality.
The Bell inequality constrains the degree of polarization correlation under measurements at different polarizer angles. The proof involves two measures of correlation. The first is
The measure E(␣,␤) incorporates all possible measurement outcomes and varies from ϩ1 when the polarizations always agree to Ϫ1 when they always disagree. The second measure is
where a, aЈ, b, bЈ are four different polarizer angles. S does not have a clear physical meaning. Its importance comes from the fact that ͉S͉р2 ͑22͒
for any HVT and arbitrary a, aЈ, b, bЈ. This is proved in the Appendix, and was first shown by Clauser, Horne, Shimony, and Holt. 27 Quantum mechanics can, for certain settings, violate this inequality. If we choose the polarizer angles, a ϭϪ45°, aЈϭ0°, bϭ22.5°, and bЈϭ22.5°as shown in Fig.  5 , then, using Eqs. ͑10͒, ͑20͒, and ͑21͒, we find
This result is specific to the state ͉ EPR ͘. Other states give lower values of S. It is interesting to note that for these angles our simple HVT gives
The simple HVT mimics quantum mechanics as well as possible in light of Eq. ͑22͒. The Bell inequality shows that no theory which is both local and realistic ͑or complete in the EPR sense͒ will ever agree with quantum mechanics. There remains the question of whether nature agrees with quantum mechanics or the Bell inequality. Because we have a source that produces photons in the state ͉ EPR ͘, or something close to it, we can measure S. If we find SϾ2, we will have violated the Bell inequality and thus disproved all HVTs. If we find Sр2, no conclusion can be drawn; both quantum mechanics and HVTs are consistent with this result.
IX. BELL INEQUALITY VIOLATION
To find the probabilities P that make up E, we need four values of N, specifically P VV (␣,␤)ϭN(␣,␤)/N tot , and
is the total number of pairs detected and ␣ Ќ , ␤ Ќ are the polarizer settings ␣ ϩ90°, ␤ϩ90°. Thus measuring E requires counting coincidences for equal intervals with the polarizers set four different ways. In measuring the probabilities this way we make the assumption that the flux of photon pairs is the same in each interval and does not depend on the polarizer settings. These assumptions are reasonable, but they do create a loophole in our experimental test. A HVT, along with the hypothesis that the polarizer settings influence the rate of downconversion, could account for any results we observe. There is no evidence to support such a hypothesis. Nevertheless, for someone convinced of locality and realism, an ad hoc hypothesis of this sort may be more plausible than the alternative.
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A typical set of measurements is shown in Table I . Also shown is the computed number of accidental coincidences, the average number of times that photons from two different downconversion events will arrive, purely by happenstance, within the coincidence interval of each other. This background is small, nearly constant, and acts to decrease ͉S͉. A finding of ͉S͉Ͼ2 thus cannot be an artifact of the accidental background.
The quantity E(␣,␤) requires four N measurements,
͑25͒
and SϵE(a,b)ϪE(a,bЈ)ϩE(aЈ,b)ϩE(aЈ,bЈ) requires sixteen. From these we find Sϭ2.307Ͼ2. We have violated the Bell inequality. To be sure of the result, we compute its statistical uncertainty. The uncertainty of the ith measurement N i is N i ϭͱN i , and the uncertainty of the quantity S is
͑26͒
This sum contains a very large number of terms and can be evaluated by computer to yield S ϭ0.035. Hence,
Sϭ2.307Ϯ0.035, ͑27͒
a violation of the Bell inequality by more than eight standard deviations. This result conclusively eliminates the HVTs, and is consistent with quantum mechanics. Figure 6 shows a comparison of these data to Eq. ͑12͒.
X. INTERPRETATION
The meaning of a Bell inequality violation is a topic for philosophy, not experimental physics. A good starting point for readings in the philosophy of entanglement is Ref. 29 . Still, we will make a few comments. These should be understood as our ͑perhaps idiosyncratic͒ interpretation, rather than any consensus on the part of philosophers or physicists.
In the HVTs every measurement outcome can be explained in terms of an underlying reality in which all interactions are local. In our example, all possible outcomes are explained by the polarizations s , i of the photons, and the measurement of one does not change the other. In light of the Bell inequality and our experimental findings, this sort of explanation ͑not just our particular example͒ is impossible. We may be able to retain one of our assumptions, realism or locality, but not both. Any realistic explanation must therefore include nonlocal interactions, for example s could change in response to a measurement performed on the idler photon. This explanation seems to be preferred by most researchers, and an experimental Bell inequality violation is sometimes described as a ''disproof of the principle of locality.'' 30 Another possibility exists: one could instead give up the realism assumption and say that there is no underlying reality to explain the observations, just statistical regularities relating measurement outcomes. If one of the goals of physics is to explain the hidden workings of nature, accepting this position is profoundly disappointing. It is interesting to note that a similar dilemma concerns the interpretation of the state vector in quantum mechanics. In the Copenhagen interpretation, the state vector of a pair of entangled particles changes instantaneously upon measurement. Furthermore, it can change in response to a measurement made on either particle, that is, to measurements made in different places. If the state vector is considered to be a real thing, then state vector collapse is an example of instantaneous action at a distance. But the state vector could be viewed differently, as nothing more than a calculational device. After all, there is no way to measure the state vector, only probabilities derived from it. As shown in Eq. ͑17͒, the probability for any single-particle outcome behaves locally. In this view, there is no action at a distance, but there is also no answer to the question of what really is going on.
XI. CONCLUSION
Using technology within reach of an undergraduate laboratory, we have created polarization-entangled photon pairs. We have used these to illustrate the Einstein-PodolskyRosen paradox and quantum nonlocality. The source of entangled photons uses a violet diode laser and a two-crystal geometry and can be tuned to produce an approximation of the state ͉ EPR ͘ϵ(͉V͘ s ͉V͘ i ϩ͉H͘ s ͉H͘ i )/ͱ2. Polarizationsensitive coincidence measurements clearly show the polarization correlations of this state, analogous to the positionmomentum correlations discussed by Einstein, Podolsky, and Rosen.
1 Using this setup we have shown a Bell inequality violation of more than eight standard deviations, in clear contradiction of local realistic hidden variable theories.
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APPENDIX: PROOF OF THE CHSH BELL INEQUALITY
For any HVT, the distribution of the hidden variable is described by a function (), where ͑ ͒у0, ͑A1͒
and ͵ ͑ ͒dϭ1.
͑A2͒
The assumptions of locality and realism are embodied in the following: It is assumed that for the signal photon the outcome of a measurement is determined completely by and the measurement angle ␣. These outcomes are specified by the function A(,␣), which can take on the values ϩ1 for detection as V ␣ and Ϫ1 for detection as H ␣ . Similarly, a function B(,␤) describes the outcomes for the idler photon as ϩ1 for V ␤ and Ϫ1 for H ␤ . A HVT could specify the functions , A and B.
The probability of a particular outcome, averaged over an ensemble of photon pairs, is given by an integral. In particular, 
͑A4͒
We define the quantity s, which describes the polarization correlation in a single pair of particles: Because s can only take on the values Ϯ2, its average S must satisfy Ϫ2рSрϩ2, which is the Bell inequality given in Eq. ͑22͒.
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